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Abstract 

Under some plausible assumptions, we find that the dual formu- 
lation of linearized gravity in D = 5 can be nontrivially coupled to 
the topological BF model in such a way that the interacting theory 
exhibits a deformed gauge algebra and some deformed, on-shell re- 
ducibility relations. Moreover, the tensor field with the mixed sym- 
metry (2, 1) gains some shift gauge transformations with parameters 
from the BF sector. 
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1 Introduction 

Topological field theories ^ [2] are important in view of the fact that certain 
interacting, non-Abelian versions are related to a Poisson structure algebra [3] 
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present in various versions of Poisson sigma models [l]-[in], which are known 
to be useful at the study of two-dimensional gravity pT]-[2U] (for a detailed 
approach, see [21]). It is well known that pure three-dimensional gravity 
is just a BF theory. Moreover, in higher dimensions general relativity and 
supergravity in Ashtekar formalism may also be formulated as topological 
BF theories with some extra constraints In view of these results, 

it is important to know the self-interactions in BF theories as well as the 
couplings between BF models and other theories. This problem has been 
considered in literature in relation with self-interactions in various classes of 
BF models [26]-[33] and couplings to other (matter or gauge) fields [M] [38] 
by using the powerful BRST cohomological reformulation of the problem of 
constructing consistent interactions within the Lagrangian [311 SO] or the 
Hamiltonian [IT] setting, based on the computation of local BRST cohomol- 
ogy [l2]-[ll]. Other aspects concerning interacting, topological BF models 
can be found in [15] and [16]. 

On the other hand, tensor fields in "exotic" representations of the Lorentz 
group, characterized by a mixed Young symmetry type [17]-[52], held the at- 
tention lately on some important issues, like the dual formulation of field 
theories of spin two or higher [54j-[61j, the impossibility of consistent cross- 
interactions in the dual formulation of linearized gravity [62], a Lagrangian 
first-order approach [631 El] to some classes of massless or partially mas- 
sive mixed symmetry type tensor gauge fields, suggestively resembling to the 
tetrad formalism of General Relativity, or the derivation of some exotic grav- 
itational interactions [65l 166]. An important matter related to mixed sym- 
metry type tensor fields is the study of their consistent interactions, among 
themselves as well as with other gauge theories [67|-[80]. 

The purpose of this paper is to investigate the consistent interactions in 
D = 5 between a massless tensor gauge field with the mixed symmetry of 
a two-column Young diagram of the type (2, 1) and an Abelian BF model 
with a maximal field spectrum (a scalar field, two sorts of one-forms, two 
types of two-forms and a three-form). It is worth mentioning the duality 
of a free massless tensor gauge field with the mixed symmetry (2, 1) to the 
Pauli-Fierz theory in D = 5 dimensions. In view of this feature, we can state 
that our paper searches the consistent couplings in D = 5 between the dual 
formulation of linearized gravity and a topological BF model. Our analysis 
relies on the deformation of the solution to the master equation by means of 
cohomological techniques with the help of the local BRST cohomology. We 
mention that the self-interactions in the (2, 1) sector have been investigated 
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in [52] and the couplings in D = 5 that can be added to an Abehan BF 
model with a maximal field spectrum have been constructed in ■ 

Under the hypotheses of analyticity in the coupling constant, spacetime 
locality, Lorentz covariance, and Poincare invariance of the deformations, 
combined with the preservation of the number of derivatives on each field, 
we find a deformation of the solution to the master equation that provides 
nontrivial cross-couplings. The emerging Lagrangian action contains mixing- 
component terms of order one in the coupling constant that couple the mass- 
less tensor field with the mixed symmetry (2, 1) mainly to one of the two- 
forms and to the three-form from the BF sector. Also, it is interesting to 
note the appearance of some self-interactions in the BF sector at order two 
in the coupling constant that are strictly due to the presence of the tensor 
field with the mixed symmetry (2,1) (they all vanish in its absence). The 
gauge transformations of all fields are deformed and, in addition, some of 
them include gauge parameters from the complementary sector. This is the 
first known case where the gauge transformations of the tensor field with the 
mixed symmetry (2, 1) do change with respect to the free ones (by shifts in 
some of the BF gauge parameters). The gauge algebra and the reducibility 
structure of the coupled model are strongly modified during the deformation 
procedure, becoming open and respectively on-shell, by contrast to the free 
theory, whose gauge algebra is Abelian and the reducibility relations hold 
off-shell. Our result is important because dual formulations of linearized 
gravity have proved to be extremely rigid in allowing consistent interactions 
to themselves as well as to many matter or gauge theories. Actually, we 
think that this is the first time when a massless tensor field with the mixed 
symmetry [k, 1) allows consistent interactions that fulfill all the working hy- 
potheses precisely in the dimension D = k + 3 where it becomes dual to the 
Pauli-Fierz theory. 



2 The free theory: Lagrangian, gauge sym- 
metries and BRST differential 

The starting point is a free theory in D = 5, whose Lagrangian action is 
written as the sum between the Lagrangian action of an Abelian BF model 
with a maximal field spectrum (a single scalar field two types of one-forms 
H'^ and V^, two kinds of two- forms B^'^ and 0^,^, and one three-form K^'^'') 
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and the Lagrangian action of a free, massless tensor field with the mixed 
symmetry (2, 1) tf^i^\a (meaning it is antisymmetric in its first two indices 
tf,u\a = -tut,\a and fulfills the identity = 0) 

12 {-^ ^J.l'p\a'^ 'J'T^ijr 

+ (1) 



where we used the notations 

Everywhere in this paper the notations [fiu . . . p] and {fiu . . . p) signify com- 
plete antisymmetry and respectively complete symmetry with respect to the 
(Lorentz) indices between brackets, with the conventions that the minimum 
number of terms is always used and the result is never divided by the num- 
ber of terms. It is convenient to work with the Minkowski metric tensor of 
'mostly plus' signature a^y = a^^ = diag ( — h + + +) and with the five- 
dimensional Levi-Civita symbol s^'^''^'^ defined according to the convention 

c-01234 _ c — 1 

t — — fc01234 — — -L. 

Action ([1]) is found invariant under the gauge transformations 

6nV = 0, SnH^' = 29,e^^ (4) 
6nV, = d^e, 5^B^^ = -Wpt^^", (5) 
5n(t^^.u = d^,^ , d^K^^'^P = 49^^'^''', (6) 

Snt^iyla = d[f^9,y]a + d[^Xiy]a — '^daX^u, (7) 

where all the gauge parameters are bosonic, with e^'^, e^'^^, ^p.vp\^ ^^^^ 
completely antisymmetric and d^^^, symmetric. By Q we denoted collectively 
all the gauge parameters as 

^ (eA'-, e, e^^P, r'\ X,u) • (8) 

The gauge transformations given by (jl])-© are off-shell reducible of order 
three (the reducibility relations hold everywhere in the space of field history, 
and not only on the stationary surface of field equations). This means that: 
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1. there exist some transformations of the gauge parameters 

^ = ^"1 (^"2) , (9) 

such that the gauge transformations of all fields vanish strongly (first- 
order reducibility relations) 

'5n(n)'^"" = 0; (10) 

2. there exist some transformations of the first-order reducibility param- 
eters fi"^ 

such that the gauge parameters vanish strongly (second-order reducibil- 
ity relations) 

(^"2 = 0; (12) 

3. there exist some transformations of the second-order reducibility pa- 
rameters 

such that the first-order reducibility parameters vanish strongly (third- 
order reducibility relations) 

(^n"^' (^fi"*)) = 0; (14) 

4. there is no nontrivial transformation of the third-order reducibility pa- 
rameters ii"" that annihilates all the second-order reducibility param- 
eters 

ri"3 j = ^ fi"^ = 0. (15) 

This is indeed the case for the model under study. In this situation a complete 
set of first-order reducibility parameters Cl""^ is given by 

and transformations ([9]) have the form 

^t^v ^^^2) _ -S^pe^^", e = 0, e^^^P {OT^) = Adxe^""^, (17) 
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(fi"^) = d,^, e"'^ = -bd^r'^'^, (18) 

V (0"^) = 39(^^,), (^"') = (19) 

with e^'^^, e'^'^p^^ and ^P''^p^^ completely antisymmetric. Further, a complete 
set of second-order reducibility parameters Cl"'^ can be taken as 

^as ^ l^^^upX^-f^upXa^ ^ (20) 

and transformations (fTTD are 



gM^P (^"3) = 45Ae^''^\ e'^^"^ (fi"^) = -dd^e^'^P^'', (21) 
e (fi"') = 0, C''"^'' (fi"^) = 0, 9^ [n""') = 0, (22) 

where both e'^'^P^ and ip-^p^'^ are some arbitrary, bosonic, completely antisym- 
metric tensors. Next, a complete set of third-order reducibility parameters 
QQ-i jg represented by 

^ (^M^pAa^ ^ ^23) 

and transformations (fT3l) can be chosen of the form 

with e'^^p^" an arbitrary, completely antisymmetric tensor. Finally, it is easy 
to check (fT5|) . Indeed, we work in D = 5, such that O^^p'^p^^ = Q implies 
^iiupXa _ const.. Since e^^P^" are arbitrary smooth functions that effectively 
depend on the spacetime coordinates, it follows that the only possible choice 
is e'^^^^'" = 0. 

We observe that the free theory under study is a usual linear gauge the- 
ory (its field equations are linear in the fields), whose generating set of gauge 
transformations is third-order reducible, such that we can define in a consis- 
tent manner its Cauchy order, which is found to be equal to five. 

In order to construct the BRST symmetry of this free theory, we introduce 
the field/ghost and antifield spectra ([2]) and 

= (C"^^ r/, T^^^P, C,, Q^'"^, S,,, V) ' (25) 

^ ^^M^p^ ^A.^pA^ gf^upXa^ ^ ^26) 

^as ^ ^^^.vpX^^pupXa^^ ^ ^a, ^ |^^^^upXa^ ^ ^3?) 

= (^*, h;, v*^, b;,, k;,^, r'^^i") , (28) 
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v:, = {c;., v\ v;.,, c*^. q;.,^. ^^'^l , (29) 

^^2 ~ {^fjLPpI VflUpXy , Q^ypXa, S ^) , (30) 

), Vl= {C;.px.) ■ (31) 

The fermionic ghosts (!25l) correspond to the bosonic gauge parameters ([8]), 
and therefore C^'^, rj^^P ^ gt^f^p^^ and A^^, are completely antisymmetric and 
S^i, is symmetric. The bosonic ghosts for ghosts (!26|) are respectively as- 
sociated with the first-order reducibility parameters (ITBi) . such that C^^^, 
^pupx^ and Qf^'^P^'^ are completely antisymmetric. Along the same line, the 
fermionic ghosts for ghosts for ghosts r/"^ from fl27|) correspond to the second- 
order reducibility parameters fl20|) . As a consequence, the ghost fields C^'^P'^ 
and rjP-'^P^'^ are again completely antisymmetric. Finally, the bosonic ghosts 
for ghosts for ghosts for ghosts r/""* from fl27|) are associated with the third- 
order reducibility parameters fl251) . so C'^'^p^^ is also completely antisym- 
metric. The star variables represent the antifields of the corresponding 
fields/ghosts. Their Grassmann parities are obtained via the usual rule 
e (xa) = (^^) + -'-) Kiod2, where we employed the notations 

It is understood that the antifields are endowed with the same symme- 
try/antisymmetry properties like those of the corresponding fields/ghosts. 

Since both the gauge generators and the reducibility functions are field- 
independent, it follows that the BRST differential reduces to s = 5 -f- 7, 
where 6 is the Koszul-Tate differential, and 7 means the exterior longitudinal 
derivative. The Koszul-Tate differential is graded in terms of the antighost 
number (agh, agh (5) = —1, agh (7) = 0) and enforces a resolution of the 
algebra of smooth functions defined on the stationary surface of field equa- 
tions for action ([1]), (S), S : 5S'q/5$"° = 0. The exterior longitudinal 
derivative is graded in terms of the pure ghost number (pgh, pgh (7) = 1, 
pgh (6) = 0) and is correlated with the original gauge symmetry via its coho- 
mology in pure ghost number zero computed in C°° (S), which is isomorphic 
to the algebra of physical observables for this free theory. These two degrees 
of generators ([2]) and fl25|) - fl3T|) from the BRST complex are valued like 

pgh($"°) = 0, pgh(r/"™)=m, pgh (Co) = pgh (r/L) = 0, (33) 

agh ($"«) = agh (r]"'") = 0, agh ($;J = 1, agh {r]lj = m + 1, 

(34) 
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for m = 1,4. The actions of the differentials 5 and 7 on the above generators 
read as 

= 0, (^Ty"-" = 0, m = M) <^ = 0, (35) 
5ip*^d^H^, 5H;^-d^ip, 5V*''^-d,B^\ (36) 

(^f'^l" = (F^'Ha _ cr^iM^'^p]^ ^ SC*^^di^H*^, (38) 
577;,, = 9[^S:^], 5C*'^ = 29,0*''^ (39) 

sc;^p = , <^<.pA = -5[.^:pA] , '^c'* = 9,c*^ (4i) 

<^^;.pAa - -9[/.6^:pA.] , SS*^ = 25p (35*^^^ + A*fn = 2d,C*^>^, (42) 

^^%p\ = 9[fj,C*pXl, ^VlvpXa = 9[^VlpXa]i ^^ti^pXa = ~9[iJ.ClpXa\-, (43) 

and respectively 

(7*;o = 0' 7r/L=0, m = T;4) ^7x1 = 0, (44) 

7<^ = 0, 7i/'^ = 29,C"^^ 7^M = 5/.^, (45) 

7^'^'^ = -39,77^'^^ 70M. = 5[Ma], 7i^'^"' = 4aA^;'^'^''^ (46) 

7^/.H« = + - 29„ V. lC>'" = -^dpC^^'P, (47) 

^r/ = 0, ^Ti^^P = 48x11^"'^, lC, = d,C, (48) 

^^M.pA ^ _5^^^p.pAa^ ^^^^ = 39(^5.), 7V = 5[/.'^.], (49) 

^^pi^pAa _ ^^P^^pA. _ Q_ (52) 

The overall degree that grades the BRST complex is named ghost number 
(gh) and is defined like the difference between the pure ghost number and 
the antighost number, such that gh {5) = gh (7) = gh (s) = 1. 

The BRST symmetry admits a canonical action s- = (■,5'), where its 
canonical generator (gh (5) = 0, e (^) = 0) satisfies the classical master 
equation (S*, S) = 0. The symbol (, ) denotes the antibracket, defined by de- 
creeing the fields/ghosts conjugated with the corresponding antifields. In the 
case of the free theory under discussion the solution to the master equation 
takes the form 
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-^ril^.yQ.^^'''^" - ^C^pxd.C^"'"'"] ■ (53) 

The solution to the master equation encodes all the information on the gauge 
structure of a given theory. We remark that in our case solution flS51) decom- 
poses into terms with antighost numbers ranging from zero to four. Let us 
briefly recall the significance of the various terms present in the solution to 
the master equation. Thus, the part with the antighost number equal to 
zero is nothing but the Lagrangian action of the gauge model under study. 
The components of antighost number equal to one are always proportional 
with the gauge generators. If the gauge algebra were non-Abelian, then there 
would appear terms simultaneously linear in the antighost number two an- 
tifields and quadratic in the pure ghost number one ghosts. The absence of 
such terms in our case shows that the gauge transformations are Abelian. 
The terms from flS5]) with higher antighost numbers give us information on 
the reducibility functions. If the reducibility relations held on-shell, then 
there would appear components linear in the ghosts for ghosts (ghosts of 
pure ghost number strictly greater than one) and quadratic in the various 
antifields. Such pieces are not present in (135]) since the reducibility relations 
(ITU]) . (IT^ . and (fT^ hold off-shell. Other possible components in the solu- 
tion to the master equation offer information on the higher-order structure 
functions related to the tensor gauge structure of the theory. There are no 
such terms in ( 1531) as a consequence of the fact that all higher-order structure 
functions vanish for the theory under study. 



3 Strategy 

We begin with a "free" gauge theory, described by a Lagrangian action 
5*0 invariant under some gauge transformations 



5^^-o = ZZ,e-\ _^^«o^=0, (54) 



and consider the problem of constructing consistent interactions among the 
fields such that the couplings preserve both the field spectrum and the 
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original number of gauge symmetries. This matter is addressed by means 
of reformulating the problem of constructing consistent interactions as a de- 
formation problem of the solution to the master equation corresponding to 
the "free" theory [391 SO] • Such a reformulation is possible due to the fact 
that the solution to the master equation contains all the information on the 
gauge structure of the theory. If a consistent interacting gauge theory can 
be constructed, then the solution 5* to the master equation associated with 
the "free" theory, [S, S) = 0, can be deformed into a solution S, 

S^S = S + XSl + X^S2 + ■■■ 
= S + \ j d^xa + X'^ J d^xb + X^ J d^xc + --- (55) 

of the master equation for the deformed theory 

{S, S) = 0, (56) 

such that both the ghost and antifield spectra of the initial theory are pre- 
served. The symbol (, ) denotes the antibracket. Equation (156|) splits, accord- 
ing to the various orders in the coupling constant (or deformation parameter) 
A, into the equivalent tower of equations 



{S,S) = 0, (57) 

2{Si,S) = 0, (58) 

2{S2,S) + iS^,S^) = 0, (59) 

{S,,S) + iSuS2) = 0, (60) 

2{S,,S) + iS2,S2) + 2iS,,Ss) = (61) 



Equation (157]) is fulfilled by hypothesis. The next one requires that the 
first-order deformation of the solution to the master equation. Si, is a cocycle 
of the "free" BRST differential s- = (■,5'). However, only cohomologically 
nontrivial solutions to 0581) should be taken into account, as the BRST-exact 
ones can be eliminated by (in general nonlinear) field redefinitions. This 
means that 5*1 pertains to the ghost number zero cohomological space of s, 

(s), which is generically nonempty due to its isomorphism to the space 
of physical observables of the "free" theory. It has been shown in [39l HQ] 
(on behalf of the triviality of the antibracket map in the cohomology of the 
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BRST differential) that there are no obstructions in finding solutions to the 
remaining equations, namely, fl59l) . (jSO]) and so on. However, the resulting 
interactions may be nonlocal, and there might even appear obstructions if 
one insists on their locality. The analysis of these obstructions can be done 
with the help of cohomological techniques. As it will be seen below, all the 
interactions in the case of the model under study turn out to be local. 

4 Standard results 

In the sequel we determine all consistent Lagrangian interactions that can be 
added to the free theory described by ([T]) and (ll])-([7]). This is done by means 
of solving the deformation equations etc., with the help of specific 

cohomological techniques. The interacting theory and its gauge structure 
are then deduced from the analysis of the deformed solution to the master 
equation that is consistent to all orders in the deformation parameter. 

For obvious reasons, we consider only analytical, local, Lorentz covariant, 
and Poincare invariant deformations (i.e., we do not allow explicit dependence 
on the spacetime coordinates). The analyticity of deformations refers to the 
fact that the deformed solution to the master equation, fl55|) . is analytical in 
the coupling constant A and reduces to the original solution, fl53l) . in the free 
limit A = 0. In addition, we require that the overall interacting Lagrangian 
satisfies two further restrictions related to the derivative order of its vertices: 

i) the maximum derivative order of each interaction vertex is equal to 
two; 

ii) the differential order of each interacting field equation is equal to that 
of the corresponding free equation (meaning that at most one spacetime 
derivative can act on each field from the BF sector and at most two 
spacetime derivatives on the tensor field t^^\a)- 

If we make the notation Si = J d^xa, with a local, then equation 0581) 
(which controls the first-order deformation) takes the local form 

sa = dfj,m'^, gh (a) = 0, e (a) = 0, (62) 

for some local m^. It shows that the nonintegrated density of the first- 
order deformation pertains to the local cohomology of s in ghost number 
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zero, a G i?" {s\d), where d denotes the exterior spacetime differentiaL The 
solution to (jn2]) is unique up to s-exact pieces plus divergences 

a^a + sh + d^n^. (63) 

If the general solution to ( |62l) is trivial, a = sh + d^n^, then it can be made 
to vanish, a = 0. 

In order to analyze equation (1^ we develop a according to the antighost 
number 

I 

a = cti, agh (tti) = z, gh (a^) = 0, e (a^) = 0, (64) 

i=0 

and assume, without loss of generality, that the above decomposition stops 
at some finite value of /. This can be shown for instance like in [l3j (Section 
3), under the sole assumption that the interacting Lagrangian at order one 
in the coupling constant, oq, has a finite, but otherwise arbitrary derivative 
order. Inserting (IMI) into and projecting it on the various values of the 
antighost number, we obtain the tower of equations (equivalent to (|^ ) 

(65) 
(66) 

/ - 1 > i > 1, (67) 

for some local | m j . Equation fl65|) can always be replaced in strictly 
positive values of the antighost number by 

70/ = 0, / > 0. (68) 

Due to the second-order nilpotency of 7 (7^ = 0), the solution to ( !68|) is 
unique up to 7-exact contributions 

a/ — »• a/ + 76/. (69) 

If a/ reduces only to 7-exact terms, a/ = 76/, then it can be made to vanish, 
aj = 0. The nontriviality of the first-order deformation a is translated at its 
highest antighost number component into the requirement that aj G (7), 



7a/ 

Saj + 7a/_i 
6ai + 7ai_i 
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where (7) denotes the cohomology of the exterior longitudinal derivative 
7 in pure ghost number equal to /. So, in order to solve equation ([H2D 
(equivalent with fl68|l and fl66|) - fl67|) ). we need to compute the cohomology of 
7, H {■j), and, as it will be made clear below, also the local homology of 6, 
H{S\d). 

From definitions (111])-([S2D it is posible to show that H (7) is spanned by 

Fa = d,H^, di,<l),,],d,K^''P, R,,,\^p) , (70) 

the antifields x*ai ^ind all of their spacetime derivatives as well as by the 
undifferentiated objects 

r/^ = (r/, Z}^,„ C, g^-'^^'^, S^, r7^'^''^^ C^'^^^'^) . (71) 

In f lTU]) and fITT]) we respectively used the notations 

with f^j3 = dfff . It is useful to denote by Rfj,v\a and i?^ the trace and respec- 
tively double trace of Rfiup\af3 

Rnv\a = O'^^ R/iup\al3, Rp, = <y^^ <y^"' Rpup\a(3 ■ (73) 

The spacetime derivatives (of any order) of all the objects from (!7T!) are 
removed from H (7) since they are 7-exact. This can be seen directly from 
the last definition in (HSl) . the last present in (l48!l . the first from (l49l) . the 
second in (ISUil . the last from (IHTi) . and also using the relations 

do.D^,p = 7 [-\F^up\a\ , d^S, = 7 [i {\S^, + V)] = 7 [\C^,] . (74) 

Let e*^ {v^) be the elements with pure ghost number M of a basis in the 
space of polynomials in the objects ( ITTi) . Then, the general solution to ( l68il 
takes the form (up, to trivial, 7-exact contributions) 

ai = aji[FA],[xl])e' (v^), (75) 

where agh (a/) = / and pgh (e"^) = /. The notation /([q']) means that / 
depends on q and its spacetime derivatives up to a finite order. The objects 
aj (obviously nontrivial in {'y)) will be called invariant 'polynomials'. 
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They are true polynomials with respect to all variables (17T]) and their space- 
time derivatives, excepting the undifferentiated scalar field with respect 
to which ai may be series. This is why we will keep the quotation marks 
around the word polynomial(s). The result that we can replace equation fl65l) 
with the less obvious one fl68l) for / > is a nice consequence of the fact that 
the cohomology of the exterior spacetime differential is trivial in the space of 
invariant 'polynomials' in strictly positive antighost numbers. These results 
on H (7) can be synthesized in the following array 



BRST 




Grassmann parity 


Nontrivial object 


;enerator 


pgh 


from H (7) 







[e [x^) +1) mod 2 


[Xa] 










\Fa\ 




1 


1 






2 









3 


1 






4 





^fiupXa 



(76) 



where notations ([2]), fl251) - fl5Tl) . fl5^ . and (170]) should be taken into account. 

Inserting (1751) in (166|) we obtain that a necessary (but not sufficient) condi- 
tion for the existence of (nontrivial) solutions a/_i is that the invariant 'poly- 
nomials' a J are (nontrivial) objects from the local cohomology of Koszul-Tate 
differential H {6\d) in antighost number / > and in pure ghost number zero, 

(7-1)'^ /(7-l)'^\ 

Sai = d^ j , agh ( j 1 = J - 1, pgh ( j 1=0. (77) 

We recall that H {6\d) is completely trivial in both strictly positive antighost 
and pure ghost numbers (for instance, see [12], Theorem 5.4, and t43j), so 
from now on it is understood that by H {S\d) we mean the local cohomology 
of 6 at pure ghost number zero. Using the fact that the free model under 
study is a linear gauge theory of Cauchy order equal to five and the general 
result from the literature [121 1^ according to which the local cohomology 
of the Koszul-Tate differential is trivial in antighost numbers strictly greater 
than its Cauchy order, we can state that 

Hj {6\d) = for all J > 5, (78) 

where Hj {5\d) represents the local cohomology of the Koszul-Tate differen- 
tial in antighost number J. Moreover, it can be shown that if the invariant 
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'polynomial' aj, with agh (aj) = J > 5, is trivial in Hj {S\d), then it can be 
taken to be trivial also in {S\d) 

(j)^ \ (J)^ 

a J = Sbj+i + df,c , agh (aj) = J > 5 ^ a j = 6(3 j+i + d^'y , (79) 



with both and 7 invariant 'polynomials'. Here, Hy^ (^M) denotes 
the invariant characteristic cohomology in antighost number J (the local 
cohomology of the Koszul-Tate differential in the space of invariant 'poly- 
nomials'). An element of if™^ {6\d) is defined via an equation like (1771) . but 
with the corresponding current an invariant 'polynomial'. This result to- 
gether with (ITHj) ensures that the entire invariant characteristic cohomology 
in antighost numbers strictly greater than five is trivial 

Hf'' {S\d) = for all J > 5. (80) 

It is possible to show that no nontrivial representative of Hj{6\d) or 
Hy^{6\d) for J > 2 is allowed to involve the spacetime derivatives of the 
fields [22] and [52]. Such a representative may depend at most on the un- 
differentiated scalar field ip. With the help of relations fl35l) - P3l) . it can be 
shown that {6\d) and H {6\d) are spanned by the elements 



agh 



where 



Nontrivial representative Grassmann 
spanning Hy^{S\d) parity 
> 5 none — 

5 (W^),.pA. 1 (81) 



dW ^ d'^W / , ^ 
d^W 

d'^W d^W 

I TJ* TJ* TT* /^* I TT* TT* TT* TT* TT* / Qn\ 

^ ['^ -"^"l ^^/^^^^^P^A^a, l«2) 
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dW ^ <PW / ^ , 



dip '^^^^ dip 

d^W 



I ZJ* zj*r^* I ZT* ZJ* ZJ* ZJ* /'CQ^ 



(iiy d^W 



whit W = W {ip) an arbitrary, smooth function depending only on the un- 
differentiated scalar field ip. 

In contrast to the spaces {Hj{6\d))jy2 and (^Hy {6\d)) j^^, which are 
finite-dimensional, the cohomology Hi{S\d) (known to be related to global 
symmetries and ordinary conservation laws) is infinite-dimensional since the 
theory is free. Fortunately, it will not be needed in the sequel. 

The previous results on H{6\d) and H^^^{S\d) in strictly positive antighost 
numbers are important because they control the obstructions to removing 
the antifields from the first-order deformation. More precisely, we can suc- 
cessively eliminate all the pieces of antighost number strictly greater that 
five from the nonintegrated density of the first-order deformation by adding 
solely trivial terms, so we can take, without loss of nontrivial objects, the 
condition / < 5 into flMl) . In addition, the last representative is of the form 
( !75|) . where the invariant 'polynomial' is necessarily a nontrivial object from 

Hrm)- 



5 Computation of first-order deformation 

In the case 1 = 5 the nonintegrated density of the first-order deformation 
(see fl64|) ) becomes 

a = aQ + ai + a2 + as + + a^. (86) 

We can further decompose a in a natural manner as a sum between two kinds 
of deformations 

a = a^^ + a'"*, (87) 
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where a^^ contains only fields/ghosts/antifields from the BF sector and a'"* 
describes the cross-interactions between the two theories^ The piece a^^ 
is completely known |32]. It is parameterized by seven smooth, but other- 
wise arbitrary functions of the undifferentiated scalar field, {Wa {^p))a=T6 
M{(p). In the sequel we analyze the cross-interacting piece, a™*. 

Due to the fact that a^^ and a™* involve different types of fields and that 
aP^ separately satisfies an equation of the type fl62l) . it follows that a™* is 
subject to the equation 

sa'"^* = a^mf , (88) 

for some local current m™*. In the sequel we determine the general solution 
to (!88|) that complies with all the hypotheses mentioned in the beginning of 
section HI 

In agreement with (l86l) . the general solution to the equation sa™* = 
S'^m™* can be chosen to stop at antighost number 1 = 5 

a'""' = + af + al^' + + af + . (89) 

im 
5 



We will show in Appendixes El [B] and O that we can always take a™* = 
a™* = a'^*' = into decomposition fISU]) . without loss of nontrivial contribu- 
tions. Consequently, the first-order deformation of the solution to the master 
equation in the interacting case can be taken to stop at antighost number 
two 

a'°* = a|)°* + + a]^\ (90) 

where the components on the right-hand side of (!90|) are subject to equations 
dMD and ([Sn])-(ISZD for 1 = 2. 

The piece a^2^ as solution to equation fl^S]) for / = 2 has the general form 
expressed by (I75|) for 1 = 2, with 0^2 from H^''{6\d). Looking at formula 
fl76|) and also at relation flHTl) in antighost number two and requiring that 
a"* mixes BRST generators from the BF and (2, 1) sectors, we get that the 
most general solution to fIBS]) for 1 = 2 reads acl 



^Decomposition ([87]) does not include a component responsible for the self-interactions 
of the tensor field with the mixed symmetry (2,1) since any such component has been 
proved in |62j to be trivial. 

where I Mi J is the Hodge dual of an expression similar to ([85)) with W {(p) — > AI2 {(p), 
and (Ms)^"^ reads as in with W {(p) A/3 (ip). Both M2 and M3 are some arbitrary, 
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+2i3^*MV"^£)^,£),^ + S* {k^C + k^g) , (91) 

where all quantities denoted by g or are some real, arbitrary constants. 

In the above and from now on we will use a compact writing in terms of 
the Hodge duals 

^'"•"^ = (5Z7^^""-"^'^"-^-^-^^A.,.../.5-r (92) 

Consequently fj*^'^ , Q*^ and Qp are the Hodge duals of r/*;^^., G^^px^ 
spectively Qt^'^^^ . 

Substituting (l9T!l in (!66|) for J = 2 and using definitions (!35|) - (!52|) . we 
determine the solution a™* under the form 

-2t; (k^C - f + , (93) 

where -FA/xia is the Hodge dual of F'^^'^ |^ defined in ([3]) with respect to its 
first three indices 

In the last formulas K\(j is the dual of the three-form K^^p from action ([T]), 
j^*pXa g^^j ^*AtT represent the duals of the antifields 5*^, and respectively 
K;^^ from m- 

In the above a"* is the solution to the homogeneous equation (l68l) in 
antighost number one, meaning that a™* is a nontrivial object from H (7) 
in pure ghost number one and in antighost number one. It is useful to 
decompose a™* like in (12081) 

-int ;^int , -int ^nK^ 
a-^ = tti + tti , [\)0) 

with a™* the solution to (1681) for 1=1 that ensures the consistency of a'"* 
in antighost number zero, namely the existence of a™* as solution to (1671) for 
i = 1 with respect to the terms from a^^^ containing the constants of the type 



real, smooth functions depending on the undifferentiated scalar field, ft can be shown 
that the above terms finally lead to trivial interactions, so they can be removed from the 
first-order deformation. 
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q OT k, and a}^'^ the solution to (1^ for J = 1 that is independently consistent 
in antighost number zero 

= -7Co + d^rhl (96) 

With the help of definitions fl35l) - fl52l) and taking into account decomposition 
(12081) . we infer by direct computation 

+7C0 + '9a Jo^ + Xo, (97) 



where 



Co — —Co 



Xo 



+ 2i3£M-pA.^a/3^^^l^^ (2rpD,^ + r^F.^i,) , (99) 

and Jo are some local currents. In the above V^^'^^ and (j)^^^ represent the 
Hodge duals of the one-form and respectively of the two-form from 
([2]) and R\a\ai3 is nothing but the Hodge dual of the tensor R^"^ defined 
in (I72|) with respect to its first three indices, namely 

Rxa\a/3 = -^^XcTfi.vpR^^'' (100) 



Inspecting fl97l) . we observe that equation fl67j) for z = 1 possesses solutions 
if and only if Xo expressed by fl99l) is 7-exact modulo d. A straightforward 
analysis of xo shows that this is not possible unless 

= gio = qii = qi2 = gis = 0. (101) 

Now, we insert conditions (llOip in ( l9Ti) and identify the most general form 
of the first-order deformation in the interacting sector at antighost number 
two 

= S* (fciC + A;2^) . (102) 
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The same conditions replaced in (P7|) enable us to write 

af = - {2k^K*^^P + 10*'^^") D^^p. (103) 

Introducing fllOSp in (!95|) and then the resulting result together with (11 Oil) 
in (pSj) . we obtain 

^int ^ _2^* (^^^^M + I^A^j _ {2hK*^'''P + 10*^'^'') Z}^,p + . (104) 

Next, we determine a'"* as the solution to the homogeneous equation fl68l) 
for / = 1 that is independently consistent in antighost number zero, i.e. 
satisfies equation fl^ . According to (1751) for J = 1 the general solution to 
equation fIBSl) for / = 1 has the form 

+Klp^m^^) r/, (105) 

where all the quantities denoted by L, M, A^, M, or iV are bosonic, gauge- 
invariant tensors, and therefore they may depend only on given in (1701) 
and their spacetime derivatives. The functions L^^\p and -Z^^fj^ exhibit the 
mixed symmetry (2, 1) with respect to their lower indices and, in addition, 
-^/ii/|p completely antisymmetric with respect to its upper indices. The 
remaining functions, M, M, N , and iV, are separately antisymmetric (where 
appropriate) in their upper and respectively lower indices. 

In order to determine all possible solutions (llOSp we demand that o}^^ 
mixes the BF and (2, 1) sectors and (for the first time) explicitly implement 
the assumption on the derivative order of the interacting Lagrangian dis- 
cussed in the beginning of section H] and structured in requirements i) and 
ii). Because all the terms involving the functions N or N contain only BRST 
generators from the BF sector, it follows that each such function must contain 
at least one tensor Rpup\a/3 defined in fl72l) . with F as in ([3]). The correspond- 
ing terms from d™*, if consistent, would produce an interacting Lagrangian 
that does not agree with requirement ii) with respect to the BF fields and 
therefore we must take 

N° = N = N"" = N""^ = iV"^ = AT"^^ = 0. (106) 
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In the meantime, requirement ii) also restricts all the functions M and M to 
be derivative-free. Since the undifferentiated scalar field is the only element 
among and their spacetime derivatives that contains no derivatives, it 
follows that all M and M may depend at most on ^p. Due to the fact that we 
work in D = 5 and taking into account the various antisymmetry properties 
of these functions, it follows that the only eligible representations are 



af3 



fiupi 



^up 



M, 



pup - 

al3 



m: 



fiup 



flupi 



= 0, 



(107) 



lUi.Sf^S^J}, (108) 



with Ui3, f/i4, and Ui^ some real, smooth functions of ip. The same obser- 
vation stands for L^^^p and L'^^'^^, so their tensorial behaviour can only be 
realized via some constant Lorentz tensors. Nevertheless, there is no such 
constant tensor in D = 5 with the required mixed symmetry properties, and 
hence we must put 



^pu\p 



0, 



- 0/37 

^pu\p 



0. 



(109) 



Inserting results (I106p - (I109I) in (11051) . it follows that the most general (non- 
trivial) solution to equation (1681) for 1 = 1 that complies with all the working 
hypotheses, including that on the differential order of the interacting La- 
grangian, is given by 



;int 



-e^'''^''{UriB;, + Uu(p%)Dpx. + U^,K*'''"'D^,p. (110) 
By acting with 6 on flllOp and using definitions fl5^ - fl321) we infer 



xint 



7 



pu 



pv 



+epupx. [- (9^f/i3) + (9„f/i4) D"^" 

- (dpUi,) 0.,^^^" + 2F^^ (QUud[^g,] - Ui,d[^C,]) . (Ill) 



Comparing fillip with (!96l) . we conclude that function f/13 reduces to a real 
constant and meanwhile functions U14 and f/15 must vanish 



Ul3 = Ui3, 



U- 



14 



= f/ 



15, 



SO (11 101) becomes 



(112) 
(113) 
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wich produces trivial deformations because it is a trivial element from Hi{S\d) 
-int ^ ^ (^^.pA.^^^^*^^^^^) ^ {e'^^P^'^msBt^Ax^) (114) 

and by further taking 



rint 



0. (115) 



As a consequence, we can safely take the nontrivial part of the first-order 
deformation in the interaction sector in antighost number one, (11041) . of the 
form 



-2t; (k^C^ + ^gp'^ - (2hK*f'''P + l^*^'^^) D^,,. (116) 
In addition, (11151) leads to 

co = 0, m^ = (117) 

in (196!) . Replacing now (llOip and (I117P in (1971) . we are able to identify 
the piece of antighost number zero from the first-order deformation in the 
interacting sector as 

a^' = [h^" - ^K"") F,, + (118) 

where a™* is the solution to the 'homogeneous' equation in antighost number 
zero 

7ajr* = «. (119) 

We will prove in Appendix [D] that the only solution to flll9p that satisfies 
all our working hypotheses, including that on the derivative order of the 
interacting Lagrangian, is a™* = 0, such that the nontrivial part of the first- 
order deformation in the interaction sector in antighost number zero reads 
as 

a^' = [hr^ - !^k'"') F^,. (120) 

The main conclusion of this section is that the general form of the first- 
order deformation of the solution to the master equation as solution to (|58|) 
for the model under study is expressed by 



S, = J d'x (a^^ + a'"*) , (121) 
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where a^^ can be found in [32] and 



= s* (k^c + hG) - 2t; (kiC' + !fg^^ 

- {2k,K*^^''P + Ir'^^^) D^^p + [k.r" - ^Kf^") F^u- (122) 

It is now clear that the first-order deformation is parameterized by seven 
arbitrary, smooth functions of the undifferentiated scalar field {(Wa {f))a=TE 
and M{(f) corresponding to a^^ and by two arbitrary, real constants {ki 
and k2 from a™*). We will see in the next section that the consistency of 
the deformed solution to the master equation in order two in the coupling 
constant will restrict these functions and constants to satisfy some specific 
equations. 



6 Computation of higher-order deformations 

With the first-order deformation at hand, in the sequel we determine the 
higher-order deformations of the solution to the master equation, governed 
by equations fl59l) - fl6Tl) . etc., which comply with our working hypotheses. 

In the first step we approach the second-order deformation, 5*2, as (non- 
trivial) solution to equation flS^ . If we denote by A the nonintegrated density 
of the antibracket (5*1, 5*1) and by b the nonintegrated density associated with 

{Si, Si) = I (fx A, ^2 = / d^x b, (123) 



then equation fl59l) takes the local form 

A + 2s6 = d^n^", (124) 

with a local current. By direct computation it follows that A decomposes 
as 

A = A^^ + A^'^*, (125) 

where A^^ involves only BRST generators from the BF sector and each term 
from A™* depends simultaneously on the BRST generators of both sectors 
(BF and mixed symmetry (2,1)), such that A™* couples the two theories. 
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Consequently, decomposition (I125p induces a similar one at the level of the 
second-order deformation 

b = b^^ + 6'°* (126) 

and equation (11241) becomes equivalent to two equations, one for the BF 
sector and the other for the interacting sector 

ABF + 2s6^f = d'^nf, (127) 
A'°* + 2s6''^' = d^'n';^'. (128) 

Equation (11271) has been completely solved in [32j, where it was shown 
that it possesses only the trivial solution 

= (129) 

and, in addition, the seven functions [Waj^^Ye ^^'^ ^(v^) ^^at parameterize 
a^^ are subject to the following equations: 

^MMw,{^) = 0, W^{v)W2{^) = 0, (130) 
dip 

W, {^) ^^YlM _ iv) W3 (<^) + 61^5 iv) We iv) = 0, (131) 

dip 

W2 if) {^) + W5 if) We (^) = 0, (132) 

dWe (v^) ^ _ ^ 3^ 
dip 

Wi {<p) We if) = 0, W2 (^) (</^) + 1^3 (<^) We (f) = 0, (134) 

W2 (ip) W, (ip) = 0, W, (ip) We (ip) = 0. (135) 

Now, we investigate the latter equation, (11281) . By direct computation A"* 
can be brought to the form 



where n™* is a local current and 



i=l p=0 ^ 
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In A"^* we used the notations 

yd) = k^w^ + = k^w^ + ||H^3, (138) 

= fcil^e + tW^2, (139) 

and the polynomials Xp^ are listed in Appendix[E](see formulas ( I264p -( j275l) ). 
It can be shown that fll37p cannot be written as a s-exact modulo d element 
from local functions and therefore it must vanish 

A'"^* = 0, (140) 

which further restricts the functions and constants that parameterize the 
first-order deformation to obey the supplementary equations 

kiW^ + SW^5 = 0, kiW^ + IfrW^s = 0, (141) 
kiW^ + = 0. (142) 

As a consequence, the consistency of the first-order deformation at order 
two in the coupling constant (the existence of local solutions to equation ( l59i) ) 
on the one hand restricts the functions and constants that parameterize Si to 
fulfill equations f ll30p -( |T35l) and f ll41l) -( fT42l) and, on the other hand, enables 
us (via formulas (fT23|) . (fM . (fT28D . (fT29D . (fT36D . and (fTlOD ) to infer the 
second-order deformation as 

^2 = Sf = j d'x [l (ki<P^, - (A;i0^'^ - ^K'"')] . (143) 

In the second step we solve the equation that governs the third-order 
deformation, namely, fl60|) . If we make the notations 



{Si,S2) = J d^x A, 83 = J d^x c, (144) 

then equation (1601) takes the local form 

A + sc = (145) 
with a local current. By direct computation we obtain 

i=l p=0 ^ 



25 



where p'^ is a local current and the functions Up appearing in the right-hand 
side of fll46p are listed in Appendix[E](see formulas fl276p - fl284p ). Taking into 
account the result that the functions and constants that parameterize both 
the first- and second-order deformations satisfy equations f ll30l) - fll35p and 
f ll4ip - fll42p and comparing (11460 with equation (11450 . it results that the 
third-order deformation can be chosen to be completely trivial 

^3 = 0. (147) 

Related to the equation that governs the fourth-order deformation, namely, 
(EI]), we have that 

2 (Si, S3) + (^2, ^2) =0. (148) 
From (11480 and (1610 we find that 5*4 is completely trivial 

S4 = 0. (149) 

Along a similar line, it can be shown that all the remaining higher-order 
deformations Sk {k > 5) can be taken to vanish 

Sk = 0, k>5. (150) 

The main conclusion of this section is that the deformed solution to the 
master equation for the model under study, which is consistent to all orders 
in the coupling constant, can be taken as 

S = S + XSi + X'^S2, (151) 

where S reads as in fl53l) . 5*1 is given in (11210 with a™* of the form (I122p . 
and ^2 is expressed by (I143p . It represents the most general solution that 
complies with all our working hypotheses (see the discussion from the begin- 
ning of section H]). We cannot stress enough that the (seven) functions and 
(two) constants that parameterize the fully deformed solution to the master 
equation are no longer independent. They must obey equations (I130p - (I1350 

and (unD-dna). 

7 The coupled theory: Lagrangian and gauge 
structure 

In this section we start from the concrete form of (I15ip and identify the 
entire gauge structure of the Lagrangian model that describes all consistent 
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interactions in D = 5 between the BF theory and the massless tensor field 
t^^\a- To this end we recall the discussion from the end of section [2] related 
to the relationship between the gauge structure of a given Lagrangian field 
theory and various terms of definite antighost number present in the solution 
of the master equation. Of course, we assume that the functions {Wa)^^Y6^ 
M together with the constants ki and k2 satisfy equations fll30l) - fll35p and 
fll41l) - fll42p . The analysis of solutions that are interesting from the point of 
view of cross-couplings (at least one of the constants ki and ^2 is nonvanish- 
ing) is done in Section [Si 

The piece of antighost number zero from fllSip provides nothing but the 
Lagrangian action of the interacting theory 

+A (^k.r" - ^0^''") [f,u + f - } , (152) 

where is the field spectrum ([2]). The terms of antighost number one 
from the deformed solution of the master equation, generically written as 
$*^Z"''^^?7°i, allow the identification of the gauge transformations of action 
f ll52p via replacing the ghosts 77"^ with the gauge parameters Q'^^ 

In our case, taking into account formula fll5ip and maintaining the notation 
(IH]) for the gauge parameters, we find the concrete form of the deformed 
gauge transformations as 

6nV = -XWie, (154) 



\ dip dip 
dip \ dip dip 
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6aB 



'-(pup {Vx^a - I^A^e) 



Q/375 



dip 



idWi T^a/3j^ Ti-a'P'-y' 



dW, 
dip 



(155) 



(156) 



-Sdpe^'^P - 2XWie^"' + 6XW3 {2(f)pxe''^^ + K^'^^ip) 

+X {l2W,K^''%ap,sC^''' - V^5£'^^'''>pAe.) , (157) 



Sa<f>^.u = Dl->^,] + 3X{Wscj>^,e-2W,V[^e,]^(,^sC^^') 

+^Xe^upXa {2W^KP^''e + W^e'^^'^ - ^d^X^''^) , (158) 

_Xe^-P^-W, {Vx^, - l<f>xae) - 2AA;i9 V' , (159) 
where, in addition, we used the notations 



D,. = d,- A^K, Di^'> =d,± 3XW3V,. 
dif 



(161) 



We observe that the cross-interaction terms, 

are only of order one in the deformation parameter and couple the tensor field 
txn\a to the two-form 0^,^ and to the three-form K'^"'' from the BF sector. 
Also, it is interesting to see that the interaction components 



which describe self-interactions in the BF sector, arc strictly due to the pres- 
ence of the tensor txij,\a (in its absence ki — k2 — 0, so they would vanish). 
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The gauge transformations of the BF fields 0^,^ and K^'^'^ are deformed in 
such a way to include gauge parameters from the (2, 1) sector. Related to 
the other BF fields, (p, H^, V^, and B^'^ , their gauge transformations are 
also modified with respect to the free theory, but only with terms specific 
to the BF sector. A remarkable feature is that the gauge transformations of 
the tensor tA/x|a are modified by shift terms in some of the gauge parameters 
from the BF sector. 

From the components of higher antighost number present in fllSip we read 
the entire gauge structure of the interacting theory: the commutators among 
the deformed gauge transformations fll54p - (ll60p . and hence the properties of 
the deformed gauge algebra, their associated higher-order structure functions, 
and also the new reducibility functions and relations together with their 
properties. (The reducibility order itself of the interacting theory is not 
modified by the deformation procedure and remains equal to that of the free 
model, namely, three.) We do not give here the concrete form of all these 
deformed structure functions, which is analyzed in detail in Appendix [Fj but 
only briefly discuss their main properties by contrast to the gauge features 
of the free theory (see section [2]). 

The nonvanishing commutators among the deformed gauge transforma- 
tions result from the terms quadratic in the ghosts with pure ghost num- 
ber one present in (11510 . Since their form can be generically written as 

i(dC"'/3i7i - |*«o*^o^ft7^i°)'^^'^'^'' follows that the commutators among 
the deformed gauge transformations only close on-shell (on the stationary 
surface of the deformed field equations) 

[5u,,5n.] = 5^,$°° + M;J»^»^. (162) 

Here, 55*^/5$^° stand for the Euler-Lagrange (EL) derivatives of the in- 
teracting action (11520 . Vti and VL2 represent two independent sets of gauge 
parameters of the type ([8]), and f2 is a quadratic combination of f2i and 
^2- The exact form of the corresponding commutators is included in the 
Appendix [F] (see formulas (I287l) -( |293ll ). In conclusion, the gauge algebra 
corresponding to the interacting theory is open (the commutators among the 
deformed gauge transformations only close on-shell), by contrast to the free 
theory, where the gauge algebra is Abelian. 

The first-order reducibility functions and relations follow from the terms 
linear in the ghosts for ghosts appearing in (I15ip . Because they can be 
generically set in the form {'r]l^Z'^\^ + l^*a^^}^C^f'')v"\ it follows that if 
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we transform the gauge parameters in terms of the first-order reducibihty 
parameters 0,°'^ as in 

^ = ^"i^^(]«2^ (163) 
then the transformed gauge transformations fll53p of all fields vanish on-shell 



X CL 

^nin)^"' ^ = ^ 0. (164) 



Along the same line, the second-order reducibility functions and relations 
are given by the terms linear in the ghosts for ghosts for ghosts appearing in 

(11511) . which can be generically written as {rj^^Z"^ - Vai^*PoCa3'^° -\ )'7°^- 

Consequently, if we transform the first-order reducibility parameters ^2"^ in 
terms of the second-order reducibility parameters as in 

^ = Z'^\^Cl'^\ (165) 

then the transformed gauge parameters (11631) vanish on-shell 



^ cL 

= z'^^^z^^^d"' = c^'*^ ~ 0. (166) 

Finally, the third-order reducibility functions and relations are withdrawn 
from the terms linear in the ghosts for ghosts for ghosts for ghosts from 

ffTMD . which have the generic form {vl^Z'^^^ + Ca^^o'^S* )^"^ ^^^^ 

that if we transform the second-order reducibility parameters fi"^ in terms 
of the third-order reducibility parameters Cl°'^ as in 

then the transformed first-order reducibility parameters (1165P again vanish 
on-shell 

0"^ (n""' (^"')) = Z''\^Z'^\fi''^ = ^ 0. (168) 

In the above the notations fi^^, fi"^, and fl°"^ are the same from the 
free case, namely (IHl), ( fT6l) . (1201) . and (1231) . while the BRST generators are 
structured according to formulas fl25|) - fl3T|) . It is now clear that the reducibil- 
ity relations associated with the interacting model ( (I164p . (11660 . and (11681) ) 
only hold on-shell, by contrast to those corresponding to the free theory 
( ffTOj) . f|T2l) . and respectively f|T4l) ). which hold off-shell. Their concrete form 
is detailed in Appendix [Fl 
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8 Some solutions to the consistency equations 



Equations fll30p - fll35l) and fll41l) - fll42p . required by the consistency of the 
first-order deformation, possess the following classes of solutions, interesting 
from the point of view of cross- couplings between the BF field sector and the 
tensor field with the mixed symmetry (2, 1). 

I. The real constants ki and k2 are arbitrary {kf + k"^ > 0), functions M 
and W2 are some arbitrary, real, smooth functions of the undifferenti- 
ated scalar field, and 

Wi (^) = Ws (if) = (ip) = W, (^) = 0, (169) 

W,icp) = -^W2i^). (170) 

The above formulas allow one to infer directly the solution in the gen- 
eral case ^2 = 0. This class of solutions can be equivalently reformu- 
lated as: the real constants ki and ^2 are arbitrary {kf + /c| > 0), 
functions M and Wq are some arbitrary, real, smooth functions of the 
undifferentiated scalar field, and 

W, {^) = W, {^) = W, {^) = W, (^) = 0, (171) 

W2{^) = -^W,{^). (172) 
k2 

The last formulas are useful at writing down the solution in the partic- 
ular case ki = 0. 

II. The real constants ki and ^2 are arbitrary {kf + A;| > 0), functions M 
and W5 are some arbitrary, real, smooth functions of the undifferenti- 
ated scalar field, and 

W,{^)=W2{v) = W,{<f)=0, (173) 

(^) = --^W, (^) , W, (^) = W, (^) . (174) 

The above formulas allow one to infer directly the solution in the gen- 
eral case ^2 = 0. This class of solutions can be equivalently reformu- 
lated as: the real constants ki and /c2 are arbitrary {kf + k^ > 0), 
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functions M and IV4 are some arbitrary, real, smooth functions of the 
undifferentiated scalar field, and 

W,{v)=W2{y^) = W,{v)=0, (175) 
{if) = -2 • 5\^W, {^) , W, {^) = (^^) W, {ip) . (176) 

The last formulas are useful at writing down the solution in the partic- 
ular case ki = 0. 

III. The real constants ki and k2 are arbitrary [kf + A;| > 0), functions Wi 
and VF5 are some arbitrary, real, smooth functions of the undifferenti- 
ated scalar field, and 

W2 {<p) = We {<p) ^M{ip)^ 0, (177) 

(ip) = --^W, (ip) , W, (cp) = (^^) W, (ip) . (178) 

The above formulas allow one to infer directly the solution in the gen- 
eral case k2 = 0. This class of solutions can be cquivalently reformu- 
lated as: the real constants ki and k2 are arbitrary {kf + k\ > 0), 
functions Wi and W4 are some arbitrary, real, smooth functions of the 
undifferentiated scalar field, and 

W2 {(p) = We {^) ^M{ip)^ 0, (179) 
iy3(9^) = -2-5!^W^4(<^), ^5(<^)=(^^) W^{^). (180) 

The last formulas are useful at writing down the solution in the partic- 
ular case ki — 0. 

For all classes of solutions the emerging interacting theories display the 
following common features: 

1. there appear nontrivial cross-couplings between the BF fields and the 
tensor field with the mixed symmetry (2, 1); 

2. the gauge transformations arc modified with respect to those of the free 
theory and the gauge algebras become open (only close on-shell); 
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3. the first-order rcducibility functions are clianged during tlie deforma- 
tion process and tlie first-order reducibility relations take place on-shell. 

Nevertheless, there appear the following differences between the above 
classes of solutions at the level of the higher-order reducibihty: 

a) for class I the second-order rcducibility functions are modified with 
respect to the free ones and the corresponding reducibility relations 
take place on-shell. The third-order reducibility functions remain those 
from the free case and hence the associated reducibihty relations hold 
off-shell; 

b) for class II both the second- and third-order reducibility functions re- 
main those from the free case and hence the associated reducibility 
relations hold off-shell; 

c) for class III all the second- and third-order reducibility functions are 
deformed and the corresponding reducibility relations only close on- 
shell. 

9 Conclusion 

The most important conclusion of this paper is that under the hypotheses of 
analyticity in the coupling constant, spacetime locality, Lorentz covariance, 
and Poincare invariance of the deformations, combined with the preservation 
of the number of derivatives on each field, the dual formulation of linearized 
gravity in D = 5 allows for the first time nontrivial couplings to another 
theory, namely with a topological BF model, whose field spectrum consists 
in a scalar field, two sorts of one-forms, two types of two-forms, and a three- 
form. The deformed Lagrangian contains mixing-component terms of order 
one in the deformation parameter that couple the massless tensor field with 
the mixed symmetry (2, 1) mainly to one of the two-forms and to the three- 
form from the BF sector. There appear some self-interactions in the BF sector 
at order two in the coupling constant that are strictly due to the presence 
of the tensor field with the mixed symmetry (2,1). One of the striking 
features of the deformed model is that the gauge transformations of all fields 
are deformed. This is the first case where the gauge transformations of the 
tensor field with the mixed symmetry (2, 1) do change with respect to the 
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free ones (by shifts in some of the BF gauge parameters). All the ingredients 
of the gauge structure are modified by the deformation procedure: the gauge 
algebra becomes open and the reducibility relations hold on-shell. 
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A No-go result for / = 5 in a^^^ 

In agreement with flHB]) . the general solution to the equation sa™* = d^w}^^ 
can be chosen to stop at antighost number 1 = 5 

a^""' = a^' + af + al^' + a^'' + af + (181) 

where the components on the right-hand side of fll8ip are subject to the 
equations (!68l) and (!66!) - (l671) for J = 5. 

The piece a™* as solution to equation fl68|) for 1 = 5 has the general form 
expressed by ( !75|) for / = 5, with from H^^'''{S\d). According to (IHTj) at 
antighost number five, it follows that iJ5°^(5|(i) is spanned by the generic 
representatives (152]) . Since a™* should effectively mix the BF and the (2, 1) 
tensor field sectors in order to produce cross-couplings and f l82l) involves only 
BF generators, it follows that one should retain from the basis elements 
[f]^) only the objects containing at least one ghost from the (2, 1) tensor 
field sector, namely D^^^p or 5*^. Recalling that we work precisely in D = 5, 
we obtain that the general solution to fIBSl) for J = 5 reduces to 

= hX{Ui)c+ [112)0] D^^D^^Dp^a^^'' 

+ 1 ((^3) TlS^ - (Ua) D^^'^^'D.^Dppa^^) S^. (182) 

Each tilde object from the right-hand side of (11821) means the Hodge dual of 
the corresponding non-tilde element, defined in general by formula fl5^ . The 
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elements f7 are dual to {U)^_^ as in (1521) . with W (ip) respectively replaced 



by the smooth function U {(p) depending only on the undifferentiated scalar 
field ip. 

Introducing (11821) in equation fl66l) for / = 5 and recalling definitions 
(I35])-(I52]), we obtain 



,int 



f/i) iCxD0, + ICFf, 

!/|A 



{U2) {lQxD,. + lGF,^i 



Ua 



O'-fX 



+ a 



int 



;i83) 



In (HSnD (Uj are dual to ([M]), with W {^) U {^). In addition, C^p is 

implicitly defined by formula ([71]) so it is a ghost field of pure ghost number 
one without definite symmetry/antisymmetry property, C*"^ is its associated 
antifield, defined such that the antibracket (C^p,C*'^^) is equal to the 'unit' 



MP 



*vX 



1 *vX 



184) 



The nonintegrated density a™* stands for the solution to the homogeneous 



equation fl68|) for / = 4, showing that a™ can be taken as a nontrivial element 
of H (7) in pure ghost number equal to four. 

At this stage it is useful to decompose a™* as a sum between two compo- 
nents 

af = af + af , (185) 

for / = 4 which is explicitly required by 
the consistency of a™* in antighost number three (ensures that possesses 
solutions for i = 4 with respect to the terms from (11831) containing the 
functions of the type U) and a™* signifies the part of the solution to (l68l) for 
/ = 4 that is independently consistent in antighost number three 



where a™* is the solution to 



(186) 



Using definitions ( I35i) -( l52l) and decomposition (I185p . by direct computation 
we obtain that 

livpX 



6 



^int i na n 



1 ca I 
2' 



%up + 1^ ( 



Vp,upX 
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fiupXa 



+ 7C3 + is + X3, 



;i87) 



where we made the notations 



C3 



-C3 + ^(f/l) D^pO 



D 



pa 



240 



Xa 



fiUpXcr 



f/3) B*+Uus) v*+rAu3 



24 1 ^4 



xFp/3\aSfj, + D^aDpi3txa\^ 



\\Dua [DppCfjp, — 2Fpp\„Sp 



X3 



pu 



Act 



+ UUs) vS'Dp,p-^{U,) a 



'pup 12 1 4 



(189) 



and ji^ are some local currents. In fll87l) - fll89p ( U ) and ( U ) denote the 
duals of ([HID S'^d (155]) with W (ip) U (ip). In addition, (Uj represents 

/ ~ \ pfpXu 

the dual of (f/)^ = ^H*^ and [U\ the dual of U (</?). Inspecting (IWj) . 

it follows that the consistency of a™* in antighost number three, namely the 
existence of ajj"* as solution to fIBTl) for z = 4, requires the conditions 



Xs = 7C3 + ^pis 



(190) 



and 



lint 



3 ; ■ip.up 

pupXcr 



VpupXa 



(191) 
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(3)'"* 

where we made the notations £3 = — (a™* + C3) and J3 = — jg . Nev- 

ertheless, from (11891) it is obvious that Xs is a nontrivial element from H (7) 
in pure ghost number four, which does not reduce to a full divergence, and 
therefore (11901) requires that Xa = 0) which further imply that all the func- 
tions of the type U must be some real constants 

Ui{ip)=Ui, U2{ip)=U2, U3{ip)=U3, Ua{'^)=Ua. (192) 

Based on (I192p . it is clear that a™* given by (I182p vanishes, and hence we 
can assume, without loss of nontrivial terms, that 

= (193) 

in ([mD. 



B No-go result for / = 4 in a 

We have seen in Appendix |X] that we can always take (11931) in (llSip . Con- 
sequently, the first-order deformation of the solution to the master equation 
in the interacting case stops at antighost number four 

where the components on the right-hand side of (I194p are subject to the 
equations ([HSD and ([HnD-(ISZD for J = 4. 

The piece a™* as solution to equation (l68l) for / = 4 has the general 
form expressed by fl75|) for J = 4, with from H^^^{5\d). According to 
( IHTj) at antighost number four, it follows that Wl"{5\d) is spanned by some 
representatives involving only BF generators. Since a™* should again mix the 
BF and the (2, 1) tensor field sectors, it follows that one should retain from 
the basis elements (?7^) only the objects containing at least one ghost from 
the (2, 1) tensor field sector, namely D^j^^p or 5*^. The general solution to (l68j) 
for / = 4 reads as 

-\ (U^y D^,pb''^bP^r]a^f3, (195) 
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where each element generically denoted by yUj is the Hodge dual of an 

object similar to fl83l) . but with W replaced by the arbitrary, smooth function 
U, depending on the undifferentiated scalar field, {Us)^^^^ reads as in fl83!) 
with W (v?) — ^ Us (f), and qi^2 are two arbitrary, real constants. 

Introducing (11951) in equation ( l66l) for J = 4 and using definitions ( 135|) - 
(!52|) . we determine the component of antighost number three from a™* in the 
form 



^int 



fJ,U 



U,] a. 



— int 



(196) 



where each yUj is the Hodge dual of an object of the type (18^ . with 

W replaced by the corresponding function of the type U. Here, af^ is the 
general solution to the homogeneous equation ( 168|) for / = 3, showing that 



^int 



a 



is a nontrivial object from H (7) in pure ghost number three. 
At this point we decompose a™* in a manner similar to (11851) 



3 > 



(197) 



where a™* is the solution to (!68|) for / = 3 that ensures the consistency of 



,int 



in antighost number two, namely the existence of 02 as solution to ([6 



for i = 3 with respect to the terms from a™* containing the functions of the 
type U or the constants qi or q2, while a™* is the solution to (|68l) for / = 3 
which is independently consistent in antighost number two 



-7C2 + dnTh'^ 



(198) 



Based on definitions (I35l) - (l52l) and taking into account decomposition (I197p . 
we get by direct computation 
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(199) 



5 } Cp ) ( i^A«|.^" - D,^C, 



+ 



1 / - \>^-^'^ 

iiUg] a. 



a/3 



pup 



/ _ \ nen _ _ _ _ 

+ i (t/g) ''''' (2D^,pt^ - i^^.piA,^'^") ^'^'^r;, (201) 
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and are some local currents. Reprising an argument similar to that em- 
ployed in Appendix Rl between equations fll9UI) and fll93p . we find that the 
existence of a™* as solution to equation fl67|) for i = 3 finally implies that X2 
expressed by (12011) must vanish. This is further equivalent to the fact that all 
the functions of the type U must be some real constants and both constants 
qi^2 must vanish 

U5i^)=U5, U(ii(p)=ue, Ur{(p)=U7, (202) 
Us {(p) = Us, Uq (ip) =U9, qi = = q2. (203) 

Inserting (12021) and (12031) in (I195p . we conclude that we can safely take 

af = (204) 

in ffTMD . 



C No-go result for / = 3 in a 

We have seen in the previous two Appendixes [A] and [B] that we can always 
take (I193p and (12040 in (I18ip . Consequently, the first-order deformation of 
the solution to the master equation in the interacting case stops at antighost 
number three 

a^"* = a|)°* + af + ai^' + af\ (205) 

where the components on the right-hand side of (I205P are subject to the 
equations §^ and ([66])-([67D for J = 3. 

The piece a™* as solution to equation (168|) for / = 3 has the general form 
expressed by (175]) for / = 3, with from H^''{6\d). Looking at formula 
(I76p and also at relation (18 ip in antighost number three and requiring that 
a™* mixes BRST generators from the BF and (2, 1) sectors, we find that the 
most general solution to fl68|) for / = 3 reads aqj 

+qeS*^vS, + l^Tf^" {qrC* + qsQ*) D.^D'^^Dp, 

■^In principle, one can add to a™* the term (Mi)^^p D^^Sp, where {Mi)^^^ reads as in 
([84| . with W {(f) ^ Ml {(fi). It is possible to show that such a term outputs only trivial 
deformations. 
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where any object denoted by q represents an arbitrary, real constant. Insert- 
ing ( 1206P in equation ( l66l) for J = 3 and using definitions (!35 l) -( !52l) . we can 
write 

+ i (yi2Y''' ^x-^ (^M^- + ^^-H-) + 4"*- (207) 

The component a™* represents the solution to the homogeneous equation in 
antighost number two (168!) for / = 2, so a™* is a nontrivial element from 
H (7) of pure ghost number two and antighost number two. It is useful to 
decompose a™* as a sum between two terms 

4-^* = + 4^\ (208) 



int 

2 



with a™*^ the solution to (!68|) for / = 2 that ensures the consistency of a 
in antighost number one, namely the existence of a™* as solution to ( |671) for 
z = 2 with respect to the terms from a™^ containing the functions of the type 
U or the constants denoted by g, and 0)2^ the solution to fl68|) for / = 2 that 
is independently consistent in antighost number one 

5af = -7Ci + 9^m^ (209) 

Using definitions fl35|) - fH9|) and decomposition fl208p . by direct computa- 
tion we obtain that 



6aT = 6 



+7Ci + 9aJi^ + Xi, (210) 
where we used the notations 
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10 ) ( F^^\pQx + iFtpyKpx 



/ _ \ pvpX / _ _ _ _ 



/ _ \ piypXcr 
1 TT \ 



+ HU12) 



C^'^'^B*uF>aaFp/3\X, 



(211) 



Xi 



1 j^*p.vp 



93 ('7^Mi/p + 3S'p(9[^K]) - 940""^ [F>^uaF>pp + 3Rf,a,\upS^ 



'^tiaP\upF>°'^ — 2Dp_af3R"^\up) F>^° 



+\(y^^'' {q7<P*'^ - fK*^') D^aD'^^RMpx - \ {uioy^' R,.\pxQ 

(_ \ fiupX _ / _ \ pupX 

Uu) R^.u\pxC - \ (U,2) a''^r]Dp^R,p^px, (212) 



and jf are some local currents. It is easy to see that xi given in (12121) is a 
nontrivial object from H (7) in pure ghost number two, which obviously does 
not reduce to a full divergence. Then, since (I210p requires that it is 7-exact 
modulo d, it must vanish, which further implies that all the functions of the 
type U (ip) are some real constants and all the constants denoted by q vanish 



Ulo{'f)=Uio, Uu{(f)=Uu, Ui2{(f)=Ui2, 

93 = ^4 = ^5 = % = 97 = ^8 = 0. 



(213) 
(214) 



Inserting conditions ( 1213^ and (I214p into (I206p . we conclude that we con- 
clude that we can safely take 

4"* = (215) 

in (12051) . 



D No-go result for / = in a^^* 

The solution to the 'homogeneous' equation (11191) can be represented as 

(216) 
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where 



raT = 0, (217) 
= d.m^o (218) 

and rfiQ is a nonvanishing, local current. 

According to the general result expressed by fl75l) in both antighost and 
pure ghost numbers equal to zero, equation (12171) implies 

aT' = aTHlFA]) , (219) 

where are listed in flTSl) . Solution (12191) is assumed to provide a cross- 
coupling Lagrangian. Therefore, since R^yp\ai3 is the most general gauge- 
invariant quantity depending on the field t^y\a, it follows that each interac- 
tion vertex from Oq™* is required to be at least linear in R^up\a/3 and to depend 
at least on a BF field. But R^up\ap contains two spacetime derivatives, so 
the emerging interacting field equations would exhibit at least two spacetime 
derivatives acting on the BF field(s) from the interaction vertices. Never- 
theless, this contradicts the general assumption on the preservation of the 
differential order of each field equation with respect to the free theory (see 
assumption ii) from the beginning of section H]), so we must set 

a'j"* = 0. (220) 

Next, we solve equation fl218p . In view of this, we decompose a'^^^ with 
respect to the number of derivatives acting on the fields as 

M (0) (1) (2) 

Cq = tt + tt + tt , (2zij 

where each tt contains precisely i spacetime derivatives. Of course, each tt 
is required to mix the BF and (2, 1) field sectors in order to produce cross- 
interactions. In agreement with (12211) . equation (12181) is equivalent to 

-fir = d^rriQ, (222) 

(1) (1)^ 
7 7r = (9^mo, (223) 

^vr = d^niQ. (224) 
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Using definitions (H5i) - (H7I) and an integration by parts it is possible to show 
that 



(0) . (0)^ / „ dn \ I d^^ d^n^ 





(0) 




+ 9i,g^ g^'^^\ (225) 



From fl225p we observe that V is solution to fl222p if and only if the following 
conditions are satisfied simultaneously 

rJfi) 

'"wtr'- '"^r'- ''^0^^°' ''''' 

a^^'^ a^^'^ a^^'^ 

Because V is derivative- free, the solutions to equations fl226p - fl227l) read as 

where r^'^'", /i^, f^, 6^,^, /^i,, and /c^^^p are some real, constant tensors. In 
addition, r'^'^'" display the same mixed symmetry properties like the tensor 
field t^'^l" and h^y, f^^, and k^^p are completely antisymmetric. Because there 
are no such constant tensors in D = 5, we conclude that (I226l) - (l227p possess 
only the trivial solution, which further implies that 

(0) 

V = 0. (230) 
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-28, 


TT 




Ti 







Related to equation fl223p . we use again definitions (H3I) - (H7I) and integrate 
twice by parts, obtaining 



Inspecting (12311) . we observe that y satisfies equation (12231) if and only if 
the following relations take place simultaneously 

x(^) x(^) 

.(1) .(1) .(1) .(1) 

The solutions to equations (I232l) - (l233p are expressed by 
.(1) .(1) 

^'^ d^s^^'^f', -p^ = d,T^^^\ (234) 



.(1) .(1) .(1) 

-^-dh ^-dv'^-' ^ - a 6 1 (235) 

.(1) .(1) 
T^ = d,r'^ Jj^,=di,Kp}^ (236) 



where the quantities s'^"'^^, r"^^'^, h, v^^ , 6^, /^'^'^, and k^y are some tensors 
depending at most on the undifferentiated fields from ([2]). In addition, 
they display the symmetry/antisymmetry properties 
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^al3fj.u _ _^Pafj.u _ _^al3i'fi (238) 

r^""^^^" = 0, (239) 

and v'^'^, f^"'^ 1 and k^j_y are completely antisymmetric. Because both tensors 
g^lua|3 ^aPfiu derivative- free, their are related through 

_ ^iJ.{aP)u ^ (240) 

Using successively properties f l237p - (l239l) and formula (12401) . it can be shown 
that t'^I^^'^ is completely antisymmetric. This last property together with 
( 12391) leads to 

which replaced in the latter equality from (I234p produces 

IT 

= 0. 



This means that the entire dependence of ^ on tQ,/3|^ is trivial (reduces to 

a full divergence), and therefore V can at most describe self-interactions in 
the BF sector. Since there is no nontrivial solution to (12231) that mixes the 
BF and (2, 1) field sectors, we can safely take 

= 0. (241) 

In the end of this section we analyze equation (I224p . Taking one more 
time into account definitions (H5]) - (H7|) . it is easy to see that (12241) implies 

(2) 

that the EL derivatives of vr are subject to the equations 

= 0. = 0. (242) 

.(2) (2) (2) 

'"wr'- "''«F3=°- 

.(2) (2) 
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(2) 

Because vr (and also its EL derivatives) contains two spacetime derivatives, 
the solution to both equations from (12421) is of the type 

.(2) 

9p9^f'^'^^'°^, (245) 



where f'^'^P^"'^ depends only on the undifferentiated fields and exhibits 
the mixed symmetry (3,2). This means that f^'^p\"l^ is simultaneously anti- 
symmetric in its first three and respectively last two indices and satisfies the 
identity f ['^'^''l^l'^ = o. The solutions to the remaining equations, (I243P and 
(I247p . can be represented as 

.(2) (2) (2) 

_^ = a„s, = s^ = 3|A,. (246) 

.(2) (2) 

where the functions v^"^ , f'^'^^, and k^i, are completely antisymmetric and 
contain a single spacetime derivative. 

Let be a derivation in the algebra of the fields t^i/jo,, i?^, V^, B'^'^, (j)^^, 
K^-^P, and of their derivatives, which counts the powers of these fields and of 
their derivatives 



N 



(d d 



We emphasize that N does not 'see' either the scalar field if or its spacetime 
derivatives. It is easy to check that for every nonintegrated density we 
have 
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If \if(") is a homogeneous polynomial of degree n in the fields t^,y\a, H^^, V^, 
B'^", (pf^i,, K'^'^P and their derivatives (such a polynomial may depend also 
on and its spacetime derivatives, but the homogeneity does not take them 
into consideration since \1/ is allowed to be a series in ip), then 

Based on results fl245l) - fl247p . we can write 

-\r'd^^(t),p^ - ^.k^^OpK^'P + d,m^. (250) 

(2) 

We decompose vr along the degree n as 

(2) >r-^ (2)(") 



. (251) 



TT 

n>2 

(2)(") {2)(") (2) (2)*^") 

where iVvr = mi (n>2in 02511) because vr , and hence every vr , is 
assumed to describe cross-interactions between the BF model and the tensor 
field with the mixed symmetry (2, 1)), and find that 

(2) (2)W 

i\ TT = n TT . (252) 

n>2 

Comparing fl252p with (12501) . it follows that decomposition (I25ip induces a 
similar one with respect to each function f^'^^'"^, h, v^^ , 6^, J^'^p, and k^^ 

n>2 n>2 n>2 

n>2 n>2 n>2 

Inserting (12530 and (12540 in (12500 and comparing the resulting expression 
with fl252D . we get 
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Replacing the last result, (I255p . into (12511) . we further obtain 



(2) 

-ir^'-^i^^.p] - ^kudpK^'^ + d,m>^, (256) 



where 

n>2 n>2 n>2 

^^=EX-i)' ^^^=E^/ri)' k^'=j:-nK:-iy (258) 

n>2 n>2 n>2 

So far, we showed that the solution to (12241) can be put in the form (I256p . 
By means of definitions (I36l) - (l37j) . we can bring (I256P to the expression 

+s (^-^*h - b;,v^^ - 2v;b^ + k;J^^^p - 30*^4^.) . (259) 

The (5-exact modulo d terms in the right-hand side of (12590 produce purely 
trivial interactions, which can be eliminated via field redefinitions. This is 
due to the isomorphism W {s\d) ~ W {pf\d,HQ (5)) in all positive values of 
the ghost number and respectively of the pure ghost number [32], which at 
i = allows one to state that any solution of equation (I224p that is (5-exact 
modulo d is in fact a trivial cocycle from {s\d). In conclusion, the only 
nontrivial solution to (I224p can be written as 



(2) 
TT 



l^M.p|a/3^^^^l^^^ (260) 



where f^'^^^"^ displays the mixed symmetry (3,2), is derivative-free, and is 
required to depend at least on one field from the BF sector. But R^vp\ai3 

(2) 

already contains two spacetime derivatives, so such a vr disagrees with the 
hypothesis on the differential order of the interacting field equations (see also 
the discussion following formula (12191) ). which means that we must set 

(2) 

V = 0. (261) 

Substituting results (l230|) . (l2iT|) . and (I26TD into decomposition (|22T|) . we 
obtain 

a^* = 0, (262) 
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which combined with (12201) proves that indeed there is no nontrivial solu- 
tion to the 'homogeneous' equation flll9p that comphes with all the working 
hypotheses 

= 0. (263) 



E Notations from section [6 

In this Appendix we list the concrete form of the various notations made in 
section [61 

The polynomials denoted by Xp^ that enter A'°* given in (11371) read as 

Xi'^ = 6S*r]C + m*''{V,C + r]C,) + 6{2B;,C + V[,C,^~(P,,r])F'''' 

-2 {2v;,^C + 2i?[;,C,] - 3K;,^v - b^.e^^P^% (264) 



xf) = [(-2c;,,r/-2q;,r,]-4/7[;5:,])c 

-Xmie^r^C + 6 {ElV^f + 2Elr]C, + (265) 



+2HlH:Cp^Ti\ Dxae^""'"' + QH;h:t^C F^" , (266) 
X^^^ = AH*H;H*7]CD'"'p, (267) 

Xf = -12-5\{S*r] + 2f''V^ + 2B;,F''')g -A-5\7];^^DxaG'"''^'' 
+4! ■ 4!t*'^r7^^ - 4! ■ 4!5;^DpA^^''''^ + 6-4! (0*'^^r7 

-K'^'^^V,) D^,-3- 4! (ir^,77 - 4%^,]) (268) 



xf) = -4-5!(c;,,r/ + q;,\/,] + 2iff;fi:^])^,.^^^''^- 

-12 ■ 5! {C^^^Ff^'r] - 2i7;t*'^r/ + i/f^Kji^^") ^ - 12 ■ A\H(^g,]r]F'''' 
-12 ■ 4! (C;,r/ + H^fy) D^^g^'"'^ - 6 • A\H;K''''Pr]D,p, (269) 
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-12 ■ A\H*H;7]DpxG'""''^ - 12 ■ 5\H*H;r]F'"'g, (270) 

= -4 • 5\H;H*H;r]Dxag'"''''^'', (271) 

X^^) = -6 ■ 5\S*f] + 12 ■ AH^f]^ + AlB^""!)^^ - 36r7^^F'^^ (272) 

Xf ^ = 2 ■ blC^^pDxaV^"''^'" + 6-5! (2i7;t*^ - C^^F^'^) fj 

+6 ■ 4!C;,DpAr7'^"^^ + 3 ■ 4\H;D,p7]^''P + 6 ■ 4!i^[;^7,]F^^ (273) 

) = 2 ■ 5!i/[;C:^]DA.r7'^''^^'^ + 6 ■ 4\H;h: (^D^xv'^'''^ - SF^'^r^) , (274) 

Xf ^ = 2 ■ ^IH^H^H^Dxar]^""^'". (275) 
The functions appearing in ffT46D and denoted by ujy"^ are of the form 

U^'^ = -9 (2A;i0'^'^ - liT'^'^) (2i?;,C + V^^C.] - 0^.r/) , (276) 

f/(i) = _9 (^k,<j>'^^ _ [c;,r^c - H; {V.C + r/C.)] , (277) 

f/^i) = -9 (^k^^pi^'^ - ^K^"^ H;h;7]C, (278) 

U^^^ = 108 (fci^'^^ - (40fi;,^ + r/K^, - SV^g,'^ , (279) 

^(2) ^ ^g^„/3,fe ^ (^f^^^,u _ ^^^^^^ 

-36£,«^^5i/; (A;i0'^'' - r/6;-^^^ (280) 

f/f ) = 185,^^5, (A;i0^- - ^k'^''^ HlHlr^g^"^'', (281) 

C/o^'^ = ^e^pap, [hr' - ^toK"') (282) 

-i8£p;37fei^; [hr' - f^K'^') (283) 

^ = 9eo^f3^6eH;H: [k^r" - 'ik'^") ^"^^'^ (284) 
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F Deformed gauge structure 

If we denote by Q"^ and two independent sets of gauge parameters, 

^a. ^ (e«^^6«,e«'^'^^e?),e«^^^^^il^xilO' (285) 

^ (6(^)'^^6(^),e(2)^'^^ef,e^^)'^^^^e^x!S), (286) 

then the concrete form of the commutators among the deformed gauge trans- 
formations of the fields associated with fl285p and fl286p (and generically writ- 
ten as in (11621) ) read as 

[5n,Jn,]^ = 0, (287) 

^ 6<P,,d^ dK'^p^ dip ' ^ ' 

[Sn„Sn,]V, = 6nV„ (289) 

[6n„Sn,] B>^^ = 6nB'^^ + 3^^, (290) 
[Sq.^Sq^] (pt^u = Sn(f)^,y - J^-^^ (291) 

[5nJn.] K^"" = SnK^"" - ^JJp^^^ (292) 

Via = 0. (293) 

The gauge parameters from the right-hand side of the above formulas are 
defined through 

n-^ = (e^-, e = 0, e'^^", ^„ r"', V = 0, X,u = O) , (294) 

where 

d(p ^ ' 
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-3 



dip ^ ' 

+6^ (e(l)^{2)«/375 _ ,(2)^(1)^/375) 



(l)a/375f (2)o'/3'7'<5' 



dW5 

dip 



(295) 



(l);^(2)AJ!/pA _ ^^2)^(l)^;ypA^ 



(296) 



-3A [W, (e«ef - e(^)e«) 



(l);^(2)i/pA<7 _ ^(2)^(l),/pA<7 



0] 



(297) 



(l)f(2)pi.pA _ ^(2)f(l)pi.pA 



^(l)pi^pA) 



__^PV-4£'^-PA. (^(1)^(2) _ ^(2)^(1))] ^298) 

In addition, we made the notations 

= ^ = T;2. (299) 

Related to the first-order reducibihty, the transformations (]163p are given 



by 
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{e^p,6eB^''t^'''' + 3ir^^%,„^^5e"^^^) , (300) 



(301) 



-^e^-p>^''W^(l)Xal (302) 

(n) = 4-)^ + 6A£„^^5,H^4V;r^^'^ - 3A£^,pAa^V6e"''^^ (303) 

^^up\ (i^j ^ _5^^+)^A.^pAa _^ ^xw^p^^p^ - >ieP''P^''W^V^i, (304) 

V (^) = 39(^^,) + Aa^, , (305) 

=5[A], (306) 
while the first-order reducibihty relations (11641) read as 

hin-)^ = 0' (307) 



A^ <! 6K 



5H^ 



~d^ 



~d^' 



+2^ {3e,^f,^sK^''Pe"^^' + e^fs^ssB^^C^^'') 



+2 



d^W2 
~~d^ 



+6A 



5S^ 



<m,p.p _ <m (io0,,eA.-p^- _ k^'^p^ 



dip 



-2A 



dW, 



dp 

SS^ fdW2 



j^pvp ^a.P'ySe l^/iupXcr 



dip 



.dW. 



6^^ 



dp 



AcrC 



dWf, 



6V^ \ dp "/57fe 
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dip 



\ (iy? dip ) 

6S^ \ dW^^p,s 



+ +6A- 



d(p^^ I dip 



(308) 
(309) 



^> 6HP 



+6A-— {W^^ - 2eaf,,seW,C^^'') , (310) 



fdW3- dW4 



^^Mi'P = A— — 



(311) 



dip 



- A—— (601^3^' 



^fivpXa _|_ 



= 0. 



(313) 



Regarding the second-order reducibility, the transformations 
the concrete form 
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ffT65D take 



(315) 

^M^pAa ^^^j _ -SAlVse''''''^'', Of^ {(^) = 0, (316) 
such that the second-order reducibihty relations (11661) become 



e(n(n))=0, (318) 

e-(n(f^)) = -8A^^e-\ (319) 

(^^ (r^)) = -3A^.^7^.^^^"'^'^ (320) 

e-^"^ (n {Q)) = 15A^||^6-^''^^ (321) 

V(^P))=0, Xf.u{^{(l)) = 0. (322) 

Finally, we investigate the third-order reducibility, for which the trans- 
formations (11671) can be written as 

e^"""^ (q^ = -hD^e^'^'f^" , e^'^f^" = 2XWie^''P^'' , (323) 

while that the third-order reducibility relations ( 11681) are listed below 

e'^'^P' (n (fi)) = -lOX^^e^-^P'-, (325) 

^ (Cl (q^^ = 0, e"'^^" (^)) = 0, (Cl (q^^ = 0. (326) 
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